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Abstrat
In 1974, J. Thas onstruted a new lass of maximal ars for the De-
sarguesian plane of order q
2
. The onstrution relied upon the existene
of a regular spread of tangent lines to an ovoid in PG(3, q) and, in parti-
ular, it does apply to the SuzukiTits ovoid. In this paper, we desribe an
algorithm for obtaining a possible representation of suh ars in PG(2, q2).
Keywords: Maximal ars, Curves, BrukBose, GAP4
1 Introdution
In a nite projetive plane of order q, a maximal (k, n)ar K, where k ≥ 1 and
2 ≤ n ≤ q + 1, is a nonempty set of k points whih is met by every line of the
plane in either 0 or n points. The integer n is alled the degree of the ar K.
Trivial examples of maximal ars of degree q + 1 and q are respetively the
set of all the points of PG(2, q) and the set of the points of an ane subplane
AG(2, q) of PG(2, q).
It has been shown in [3, 4℄, that nontrivial maximal ars do not exist
in PG(2, q) for q odd. On the other hand, when q is even, several lasses of
nontrivial maximal ars are known. In fat, hyperovals and their duals are
maximal ars. Apart from them, known onstrutions of degree n maximal ars
in PG(2, q) are: one onstrution by Denniston [7℄ based on a linear penil of
onis, two onstrutions of J. A. Thas [16, 17℄, onstrutions by Mathon [14℄,
and by Hamilton and Mathon [10℄ utilising losed sets of onis. However, most
of the known examples of degree n maximal ars (with the notable exeption of
a lass of maximal ars arising from the [16℄ onstrution) onsist of the union
of n − 1 pairwise disjoint onis, together with their ommon nuleus N . We
shall all these ars onial. Observe that any onial maximal ar is overed
by a ompletely reduible urve of degree 2n− 1, whose omponents are n− 1
onis and a line through the point N ; in [2℄ it is shown that suh a urve has
∗
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minimum degree. In the present paper we determine, using the omputer alge-
bra pakage GAP [8℄, equations for algebrai plane urves of minimum degree
passing through all the points of a maximal ar K; in partiular, we are inter-
ested in those ases in whih K is not onial. In partiular, we will show that
ars arising from the SuzukiTits ovoids by [16℄ onstrution annot be overed
by a urve of low degree.
2 Reguli in PG(3, q)
We reall some basi properties of reguli and spreads of PG(3, q), see [12℄.
Denition 1. A regulus of PG(3, q) is a olletion of q + 1 mutually disjoint
lines suh that any line of PG(3, q) meeting three of them neessarily meets them
all.
A standard result, see [13℄, shows that any three pairwise disjoint lines ℓ1, ℓ2,
ℓ3 of PG(3, q) lie together in a unique regulus, say R(ℓ1, ℓ2, ℓ3).
Denition 2. Let ℓ1, ℓ2, ℓ3 be 3 pairwise disjoint lines of PG(3, q). The opposite
regulus to R(ℓ1, ℓ2, ℓ3) is the set
Ro(ℓ1, ℓ2, ℓ3)
of all lines ℓ of PG(3, q) suh that
ℓ ∩ ℓi 6= ∅, for i = 1, 2, 3.
The set Ro(ℓ1, ℓ2, ℓ3) is also a regulus. We may ompute the regulus on-
taining ℓ1, ℓ2 and ℓ3 as the set
R(ℓ1, ℓ2, ℓ3) = R
o(m1,m2,m3),
where m1,m2,m3 are distint elements of Ro(ℓ1, ℓ2, ℓ3).
Denition 3. A kspan of PG(3, q) is a set of k mutually skew lines. A (q2+1)
span is alled a spread.
Observe that a spread is a partition of the points of PG(3, q) in disjoint lines.
Denition 4. A spread S is regular or Desarguesian, if for any three lines
ℓ1, ℓ2, ℓ3 ∈ S,
R(ℓ1, ℓ2, ℓ3) ⊆ S.
Any two regular spreads of PG(3, q) are projetively equivalent. In order to
implement the onstrution of the ar in Setion 4, we must desribe a spread
of tangent lines to a given ovoid. We shall make use of the following notion of
losure.
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Denition 5. The regular losure of a set S of lines of PG(3, q) is the smallest
set T of lines of PG(3, q) ontaining S suh that for any 3 distint elements
ℓ1, ℓ2, ℓ3 ∈ T ,
R(ℓ1, ℓ2, ℓ3) ⊆ T.
Examples of sets losed under this operation are regular spreads of PG(3, q)
and reguli. In fat, a regular spread is uniquely determined by four of its lines,
supposed they are in suitable position.
Theorem 6. There exists exatly one regular spread ontaining any given 4
mutually skew lines ℓ1, ℓ2, ℓ3, ℓ4 of PG(3, q), provided that ℓ4 6∈ R(ℓ1, ℓ2, ℓ3).
Proof. By [15℄ there is a Desarguesian spread ontaining any two reguli with
2 lines in ommon. We now show that this spread is the regular losure of
ℓ1, ℓ2, ℓ3, ℓ4. Any Desarguesian spread ontaining R(ℓ1, ℓ2, ℓ4) and R(ℓ1, ℓ3, ℓ4)
must learly ontain also the (q2 − q + 2)span of lines given by
⋃
x∈R(ℓ1,ℓ2,ℓ3)
x 6=ℓ1
R(ℓ1, x, ℓ4)
By [12, Lemma 17.6.2℄, a spread ontaining suh span is unique. The result
follows.
3 Thas [16℄ maximal ars
We shall make extensive use of the representation of PG(2, q2) in PG(4, q) due
to André [1℄ and Bruk and Bose [5, 6℄.
Let PG(4, q) be a projetive 4spae over the nite eld GF(q) and let sup-
pose S be a regular spread of a xed hyperplane Σ = PG(3, q) of PG(4, q).
Then PG(2, q2) an be represented as the inidene struture whose points are
the points of PG(4, q) \Σ and the elements of S, and whose lines are the planes
of PG(4, q) \ Σ whih meet Σ in a line of S and the spread S. In partiular,
S represents the line at innity of the ane plane AG(2, q2) ⊆ PG(2, q2).
Reall that projetively equivalent spreads of PG(3, q) indue, via BrukBose
onstrution isomorphi projetive planes or order q2. In partiular, any two
regular spreads of PG(3, q) indue a representation of the Desarguesian proje-
tive plane PG(2, q2).
Using the aforementioned model, Thas obtained maximal ars in the De-
sarguesian plane as follows. Let O be an ovoid in the hyperplane Σ suh that
every element of the spread S meets O in exatly one point. Fix a point V in
PG(4, q) \ Σ and let K be the set of points in PG(4, q) \ Σ ollinear with V
and a point on O. Then K orresponds to a maximal (q3 − q2 + q, q)ar K in
PG(2, q2).
In [16℄, it has been remarked that if O is an ellipti quadri then the maximal
ar thus onstruted turns out to be of Denniston type. On the other hand, it
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has been shown, using algebrai tehniques, in [10℄ that, when O is a Suzuki
Tits ovoid, K annot be obtained from a losed set of onis. In fat, in this
ase the ar is not onial at all.
In order to provide a diret representation of a Thas [16℄ maximal ar in
PG(2, q2), where q > 4 is an even prime power, we shall use for PG(4, q) homo-
geneous oordinates (z, x1, x2, y1, y2). The hyperplane at innity Σ has equation
z = 0. Let S be a regular spread of Σ and denote by π = PG(2, q2) the orre-
sponding Desarguesian plane obtained via BrukBose onstrution. We shall
use homogeneous oordinates (z, x, y) for π, in suh a way that the line at inn-
ity has equation z = 0. It is always possible to assume that, up to a projetivity,
the spread S ontains the lines
ℓ1 =〈(1, 0, 0, 1),(0, 1, 1, 0)〉
ℓ2 =〈(1, 0, 0, 0),(0, 1, 0, 0)〉
ℓ3 =〈(0, 0, 1, 0),(0, 0, 0, 1)〉
. (1)
The map θ whih realises the orrespondene between the points of PG(4, q) and
those of PG(2, q2) should map any line ℓ of the spread S in a point of PG(2, q2).
In partiular, to have
θ(ℓ1)=(0, 1, 1)
θ(ℓ2)=(0, 1, 0)
θ(ℓ3)=(0, 0, 1)
we should hoose
θ :
{
PG(4, q) 7→ PG(2, q2)
(z, x1, x2, y1, y2) 7→ (z, x1 + εx2, εy1 + y2)
,
where ε ∈ GF(q2) \GF(q) is a suitable element.
4 The ode
In this setion we desribe a GAP [8℄ program to onstrut a Thas [16℄ maximal
ar K and determine a minimum degree urve Γ passing through all the points
of K. In our ode it shall be onstantly assumed that q = 22t+1, with t > 1 is a
global variable.
The simplest way to implement the geometry PG(3, q) is to onsider the
point orbit of GL(4, q) in its ation on leftnormalised 4vetors.
1 PG3:=Orbit(GL(4,q),[1,0,0,0℄*Z(q)^0,OnLines);
Remark 7. It is often onvenient to represent the points of PG(3, q) as integers
in the range 1 . . . q3 + q2 + q+1. The number orresponding to any given point
is just the position of the orresponding normalised vetor in the list PG3. This
is most interesting when PG3 is generated as the orbit of a point, say (1, 0, 0, 0),
under the ation of a Singer group Θ of PG(3, q).
We now introdue some utility funtions.
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1. LineAB to ompute the (projetive) line over GF(q) through two points;
2. LineAB2 to ompute the (projetive) line over GF(q2) through two points.
3. Conj to get the onjugate of a point in PG(n, q2) under the Frobenius
morphism
x 7→ xq.
2 #Line (over GF(q))
3 LineAB:=funtion(a,b)
4 return Set(Union([a℄,Set(GF(q),x->NormedRowVetor(x*a+b))));
5 end;;
6
7 #Line (over GF(q^2))
8 LineAB2:=funtion(a,b)
9 return Set(Union([a℄,Set(GF(q^2),x->NormedRowVetor(x*a+b))));
10 end;;
11
12 #Conjugate of a point
13 Conj:=funtion(x)
14 return(
15 List(x,t->t^q));
16 end;;
The Suzuki group Sz(q) has two point orbits in PG(3, q), of size respetively
q3 + q and q2 + 1. The latter is a SuzukiTits ovoid, say O = Ov.
17 Sg:=SuzukiGroup(IsMatrixGroup,q);
18 Or:=Orbits(Sg,PG3,OnLines);
19 Ov:=Filtered(Or,x->Size(x)=q^2+1)[1℄;
20 Ovp:=Set(Ov,x->Position(PG3,x));
We wrote Ovp for the set of all points of Ov in the permutation representation.
The following ode is used to write the set Λ = AllLines of all the lines of
PG(3, q). Sine the full projetive general linear group PGL(4, q) is transitive
on this set, we may just onsider the orbit of
ℓ0 = 〈(0, 1, 0, 0), (1, 0, 0, 0)〉
under its ation.
The group PGL(4, q) has to be written as the ation Pgrp of GL(4, q) on
normalised vetors. The line orbit is obtained onsidering the ation of this
group Pgrp on the set of points, in the permutation representation, of a given
line.
21 L1:=LineAB([1,0,0,0℄*Z(q)^0,[0,1,0,0℄*Z(q)^0);
22 L1p:=Set(L1,x->Position(PG3,x));
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23 Pgrp:=Ation(GL(4,q),PG3,OnLines);
24 AllLines:=Orbit(Pgrp,L1p,OnSets);
Remark 8. There might be more eient ways to obtain the set Λ as union
of lineorbits under the ation of a Singer yle Θ of PG(3, q). In fat, see [9℄,
the number to these lineorbits is exatly q+1 and a starter set for these (that
is a set of representatives for eah of them) is given by all the lines passing
through a xed point P 6∈ O+ tangent to the ellipti quadri O+ stabilised by
the subgroup of order q2 + 1 of Θ.
We are now in position to write the set TO = TangentComplex of all lines
tangent to the ovoid Ov. This is simply done by enumerating the lines of PG(3, q)
whih meet O in just 1 point.
The funtion TCpx is used to partition this set aording to the tangeny
point of the lines themselves to the ovoid.
25 TangentComplex:=
26 Set(Filtered(AllLines,
27 x->Size(Intersetion(Ovp,x))=1),
28 x->Set(x));
29
30 TCpx:=funtion(TC,O)
31 return List(O,x->Filtered(TC,v->x in v));
32 end;;
As seen in Setion 3, given three mutually skew lines ℓ1, ℓ2, ℓ3, it is easy to
write the opposite regulus Ro they indue. The regulus R ontaining L is then
obtained as (Ro)o.
33 #Funtions to build up a
34 # regulus
35 # Here we use a permutation
36 # representation
37 OpRegulus:=funtion(a,b,)
38 return Filtered(AllLines,x->not(
39 IsEmpty(Intersetion(a,x)) or
40 IsEmpty(Intersetion(b,x)) or
41 IsEmpty(Intersetion(,x))));
42 end;;
43
44 Regulus:=funtion(a,b,)
45 loal l;
46 l:=OpRegulus(a,b,);
47 return OpRegulus(l[1℄,l[2℄,l[3℄);
48 end;;
49
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50 #This funtion uses a normalised # vetor representation
51 RegLines:=funtion(L)
52 loal Lp,Rp;
53 Lp:=Set(L,x->Set(x,t->Position(PG3,t)));
54 Rp:=Regulus(Lp[1℄,Lp[2℄,Lp[3℄);
55 return Set(Rp,
56 x->Set(x,t->PG3[t℄));
57 end;;
To onstrut a regular spread S we use the following funtions:
1. LookForSpread0 whih, given 4 lines ℓ1, ℓ2, ℓ3, ℓ4, builds the set R of all
lines in reguli of the form R(ℓ1, x, ℓ4) where x ∈ R(ℓ1, ℓ2, ℓ3) \ {ℓ1};
2. RClosure whih determines q2 + 1 lines in the regular losure of a set of
lines R;
3. LookForSpread1, LookForSpread2 and LookForSpread whih build the
requested regular spread of tangent lines to an ovoid O.
58 # L = Set of 4 lines
59 LookForSpread0:=funtion(L)
60 loal Reg,RegT,x,Spr;
61 Spr:=[℄;
62 Reg:=Regulus(L[1℄,L[2℄,L[3℄);
63 for x in Differene(Reg,[L[1℄℄) do
64 RegT:=Regulus(L[1℄,x,L[4℄);
65 Spr:=Union(Spr,RegT);
66 od;
67 return Spr;
68 end;;
69
70 RClosure0:=funtion(S)
71 loal x,X,R,V;
72 X:=Combinations(S,3);
73 R:=ShallowCopy(S);
74 for x in X do
75 R:=Union(R,Regulus(x[1℄,x[2℄,x[3℄));
76 if Size(R)=q^2+1 then return R;
77 fi;
78 od;
79 return R;
80 end;;
81
82 RClosure:=funtion(S)
83 loal f,T;
84 f:=false;
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85 T:=RClosure0(S);
86 if not(T=S) then
87 Print(Size(T),"-",Size(S),"\n");
88 return RClosure(T);
89 else
90 Print("Closed\n");
91 return T;
92 fi;
93 end;;
94
95 # Hint for regulus
96 LookForSpread1:=funtion(TC,x,O)
97 loal Tp,Ct,y,R1,S2,TC2;
98 R1:=Regulus(x[1℄,x[2℄,x[3℄);
99 if not(IsSubset(TC,R1)) then return fail; fi;
100 TC2:=Filtered(TC,x->IsEmpty(Intersetion(x,Union(R1))));
101 for y in TC2 do
102 Print(".\n");
103 S2:=LookForSpread0([x[1℄,x[2℄,x[3℄,y℄);
104 if IsSubset(TC,S2) then return (S2); fi;
105 od;
106 return fail;
107 end;;
108
109 LookForSpread2:=funtion(TC,O)
110 loal Tp,Ct,x,R;
111 Tp:=Set(TCpx(TC,O),x->Set(x));
112 #First regulus
113 Ct:=Filtered(Cartesian(Tp{[1..3℄}),
114 t->IsEmpty(Intersetion(t[1℄,t[2℄)) and
115 IsEmpty(Intersetion(t[1℄,t[3℄)) and
116 IsEmpty(Intersetion(t[2℄,t[3℄)));
117 #Look for a seond (ompatible) regulus
118 for x in Ct do
119 R:=LookForSpread1(TC,x,O);
120 if IsList(R) then return R; fi;
121 od;
122 return fail;
123 end;;
124
125 LookForSpread:=funtion(TC,O)
126 loal T;
127 T:=RClosure(LookForSpread2(TC,O));
128 if IsSubset(TC,T) then return T; fi;
129 return fail;
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130 end;;
To hek if any given spread is regular, we verify that it ontains the regulus
spanned by any three of its elements.
131 #Chek if a spread is regular
132 IsRegularS:=funtion(S)
133 loal x,X,r;
134 X:=Combinations(S,3);
135 while Size(X)>2 do
136 x:=X[1℄;
137 r:=Regulus(x[1℄,x[2℄,x[3℄);
138 if not(IsSubset(S,r)) then
139 Print(Size(Intersetion(S,r)),"\n");
140 return false;
141 else
142 X:=Differene(X,Combinations(r,3));
143 Print(Size(X),"\n");
144 fi;
145 od;
146 return true;
147 end;;
Our next step in onstruting a model of PG(2, q2) is to embed PG(3, q) in
PG(4, q) as hyperplane at innity, as seen in Setion 3. The funtion EmbedPG3
does just this; EmbedSpr is a utility funtion to embed sets of points of PG(3, q)
in PG(4, q) and it is most useful for spreads.
148 # Embed PG(3,q) in PG(4,q) as
149 # hyperplane at infinity
150 EmbedPG3:=funtion(L)
151 return Set(L,x->Conatenation([0*Z(q)℄,x));
152 end;;
153
154 EmbedSpr:=funtion(L)
155 return Set(L,x->EmbedPG3(x));
156 end;;
Suppose now Spr to be a regular spread of tangent lines to Ov. We shall
determine a linear transformation µ of PG(3, q) suh that the spread µ(Spr)
ontains the lines ℓ1, ℓ2, ℓ3 of (1). Reall that, for any spread S of PG(3, q),
there exists a line LS of PG(3, q
2) \ PG(3, q) suh that
S = {PP q : P ∈ LS}.
Clearly, the spread S is uniquely determined by the line LS , although dif-
ferent lines might be assoiated to the same spread. The following funtion,
LookForLine, omputes one of these lines.
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157 LookForLine:=funtion(spr)
158 loal PSpr,xSpr,LLa,x, y, fl,xq;
159 PSpr:=List(spr,x->LineAB2(PG3[x[1℄℄,PG3[x[2℄℄));
160 xSpr:=List(PSpr,x->Differene(x,PG3));
161 LLa:=List(Cartesian(PSpr[1℄,PSpr[2℄),x->LineAB2(x[1℄,x[2℄));;
162 for x in LLa do
163 Print("x=",x[1℄,",",x[2℄,"\n");
164 #The lines should be disjoint from PG(3,q)
165 if not(IsEmpty(Intersetion(x,PG3))) then
166 Print("!\n");
167 ontinue;
168 fi;
169 #They should also meet any omponent of the spread
170 fl:=true;
171 for y in xSpr do
172 if IsEmpty(Intersetion(y,x)) then
173 Print("%");
174 fl:=false;
175 break;
176 fi;
177 Print(".");
178 od;
179 if not(fl) then ontinue; fi;
180 # The onjugate line
181 # should also meet any omponent of the spread
182 xq:=Set(x,t->Conj(t));
183 for y in xSpr do
184 if IsEmpty(Intersetion(y,xq)) then
185 fl:=false;
186 Print("^");
187 break;
188 fi;
189 Print(",");
190 od;
191 #If this is the ase, then we have found
192 # what we were looking for
193 if fl then return x; fi;
194 od;
195 #Bad luk here.
196 return fail;
197 end;;
Denote now by LCanon the line of PG(3, q2) assoiated with a spread, say
SCanon, ontaining ℓ1, ℓ2, ℓ3.
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198 GCanon:=[
199 LineAB([1,0,0,1℄*Z(q)^0,[0,1,1,0℄*Z(q)^0),
200 LineAB([1,0,0,0℄*Z(q)^0,[0,1,0,0℄*Z(q)^0),
201 LineAB([0,0,1,0℄*Z(q)^0,[0,0,0,1℄*Z(q)^0)℄;
202 GCanonP:=Set(GCanon,
203 x->Set(x,t->Position(PG3,t)));
204 RCanon:=Regulus(GCanonP[1℄,GCanonP[2℄,GCanonP[3℄);
205 # look for a fourth line to generate the spread
206 Get4th:=funtion(R)
207 loal j,L4;
208 j:=1;
209 repeat
210 L4:=AllLines[j℄;
211 j:=j+1;
212 until IsEmpty(Intersetion(L4,Union(R)));
213 return L4;
214 end;;
215 L4:=Get4th(RCanon);
216 SCanon:=RClosure(Union(GCanonP,[L4℄));
217 LCanon:=LookForLine(SCanon);
We may now atually determine a matrix of GL(4, q) induing a ollineation µ
in PG(3, q) transforming the general spread Spr into SCanon.
218 SprToCanon:=funtion(Spr)
219 loal Lx,M0,N0;
220 Lx:=LookForLine(Spr);
221 M0:=TransposedMat([Lx[1℄,Conj(Lx[1℄),Lx[2℄,Conj(Lx[2℄)℄);
222 N0:=TransposedMat([LCanon[1℄,Conj(LCanon[1℄),
223 LCanon[2℄,Conj(LCanon[2℄)℄);
224 return N0*M0^(-1);
225 end;;
Let then M = SprToCanon(Spr) and suppose SprT = µ(Spr) and OvT = µ(Ov).
226 # New spread
227 SprT:=Set(Spr,x->Set(x,t->NormedRowVetor(M*t)));
228 #Consider also the image of the ovoid under the
229 # ollineation indued by M
230 OvT:=Set(Ov,x->NormedRowVetor(M*x));
We still need to determine the parameter ε in the orrespondene θ : PG(4, q) 7→
PG(2, q2) of Setion 3.
231 PG4ToPG2:=funtion(P,eps)
11
232 return NormedRowVetor([P[1℄,P[2℄+eps*P[3℄,eps*P[4℄+P[5℄℄);
233 end;;
We may proeed as follows.
234 LookForEps:=funtion(Spr)
235 loal t,r,sp1,L,R1;
236 L:=
237 [LineAB([1,0,0,1℄,[0,1,1,0℄),
238 LineAB([1,0,0,0℄,[0,1,0,0℄),
239 LineAB([0,0,1,0℄,[0,0,0,1℄)℄*Z(q)^0;
240 R1:=RegLines(L);
241 sp1:=Differene(Spr,R1);
242 t:=sp1[1℄;
243 r:=Filtered(
244 Differene(Elements(GF(q^2)),Elements(GF(q))),
245 eps->
246 (t[1℄[1℄+t[1℄[2℄*eps)/(t[1℄[3℄*eps+t[1℄[4℄)=
247 (t[2℄[1℄+t[2℄[2℄*eps)/(t[2℄[3℄*eps+t[2℄[4℄));
248 return r;
249 end;;
250
251 eps:=LookForEps(SprT)[1℄;
We are now in position to use [16℄ onstrution in order to obtain a maximal
ar. We rst embed PG(3, q) in PG(4, q) as the hyperplane at innity; EOvT is
the image under this embedding of the transformed ovoid (under the ollineation
given by µ); then, we ompute the ane one FullCone2 with vertex
Vtx = (1, 0, 0, 0, 0)
and basis EOvT. The image of this one under θ = PG4ToPG2 is a maximal ar
Arc of PG(2, q2).
252 # Embed OvT\subseteq PG(3,q) in PG(4,q)
253 EOvT:=EmbedPG3(OvT);
254 # ... and build the full one in AG(4,q)
255 # with vertex
256 Vtx:=[1,0,0,0,0℄*Z(q)^0;
257 # and basis OvT
258 FullCone:=Differene(Union(Set(EOvT,x->LineAB(x,Vtx))),EOvT);
259 # The requested maximal ar is the image of
260 # the one under the map PG4ToPG2
261 Ar:=Set(FullCone,x->PG4ToPG2(x,eps));
We might want to hek that we atually obtained an ar of degree q. The
funtion CheckSecants, whose parameter is a set X, veries that all of the
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seants of X meet X in q points. The funtion CheckArc performs the full hek
that:
1. all seants meet the given set in q points;
2. there is no tangent line through any point of X.
262 # Chek if a set X is an ar
263 # step 0:
264 # verify if all seants meet X in
265 # q points
266 ChekSeants0:=funtion(X)
267 loal C,l,XX;
268 C:=Combinations(X,2);
269 XX:=[℄;
270 while(not(IsEmpty(C))) do
271 l:=LineAB2(C[1℄[1℄,C[1℄[2℄);
272 if not(Size(Intersetion(l,X))=q) then
273 Print(Size(Intersetion(l,X)),"\n");
274 return [false,[℄℄;
275 fi;
276 C:=Differene(C,Combinations(Intersetion(l,X),2));
277 Print("!",Size(C),"!\n");
278 Add(XX,l);
279 od;
280 return [true,XX℄;
281 end;;
282
283 ChekSeants:=funtion(X)
284 return (ChekSeants0(X)[1℄);
285 end;;
286
287 ChekAr:=funtion(X)
288 loal C,l,XX,x;
289 C:=Combinations(X,2);
290 #Computes all the seants;
291 XX:=ChekSeants0(X);
292 if not(XX[1℄) then return false; fi;
293 for x in X do
294 l:=Filtered(XX[2℄,t->x in t);
295 if Size(l)<q^2+1 then return false; fi;
296 od;
297 return true;
298 end;;
We are now ready to obtain a minimum degree urve overing the ar K =
Arc. We proeed as follows:
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1. We determine all moni monomials in two variables of degree at most i
over GF(q2). This is done by the funtion AllMon.
2. A polynomial
f(x, y) =
∑
i,j
cijx
iyj
desribes a urve overing A if, and only if, the oeients cij are a
solution of the homogeneous linear system given by
∑
i,j
cijp
i
xp
j
y = 0, P = (1, px, py) ∈ A; (2)
3. Hene, we introdue a funtion, BuildMat that, for any given list of points
K and a maximum degree i generates the matrix whose rows are exatly
the evaluations of the monomials in AllMon(i), omputed on the seond
and third oordinate of any point in K. In other words, if
AllMon(i) = {f1(x, y), f2(x, y), . . . , fk(x, y)}
and P = (1, px, py) ∈ K, then the row of BuildMat(K, i) orresponding to
P would be
[f1(px, py), f2(px, py), . . . , fk(px, py)].
4. If BuildMat(K, i) has full rank, then the only polynomial of degree at most
i in x, y giving a urve overing all points of K is the zeropolynomial.
299 RR:=PolynomialRing(GF(q^2),["x","y"℄);
300 AllMon:=funtion(i)
301 loal l;
302 l:=Filtered(Cartesian([0..i℄,[0..i℄),t->t[1℄+t[2℄<i+1);
303 return List(l,t->RR.1^t[1℄*RR.2^t[2℄);
304 end;;
305
306 BuildMat:=funtion(K,i)
307 loal m;
308 m:=AllMon(i);
309 return List(K,x->
310 List(m,t->Value(t,[RR.1,RR.2℄,[x[2℄,x[3℄℄)));
311 end;;
We need to know the minimum index i suh that Buildmat(Arc, i) has not full
rank. The following funtion takes as parameters the ar K and a maximum
degree to test. Observe that
ξ(i) = rank(BuildMat(K, i))− |AllMon(i)|
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is noninreasing in i. Hene, to look for i, we may use an iterative approah:
onsider an initial interval to test [a . . . b], let c = ⌊a+b2 ⌋ and ompute ξ(c). If
ξ(c) = 0, then the rst value i suh that ξ(i) < 0 may possibly be found in
[(c + 1) . . . b]; on the other hand, if ξ(c) < 0, suh i is to be found in [a . . . c].
We keep biseting the interval till it ontains just one value c′. If ξ(c′) < 0, then
i = c′ is returned; otherwise the algorithm fails.
312 GetIndex:=funtion(A,mi)
313 loal tidx,,d,r;
314 tidx:=[1..mi℄;
315 while(Size(tidx)>1) do
316 :=Int((tidx[1℄+tidx[Size(tidx)℄)/2);
317 d:=BuildMat(A,);
318 r:=Rank(d);
319 Print("=",," t=",tidx,"\n");
320 Print("r=",r," s=",Size(d[1℄),"\n");
321 if r=Size(d[1℄) then
322 tidx:=[(+1)..tidx[Size(tidx)℄℄;
323 else
324 tidx:=[tidx[1℄..℄;
325 fi;
326 od;
327 Print(tidx,"\n");
328 :=tidx[1℄;
329 d:=BuildMat(A,);
330 r:=Rank(d);
331 if not(r=Size(d[1℄)) then
332 return ;
333 else
334 return fail;
335 fi;
336 end;;
Remark that the ane urve of equation
(xq
2
− x) = 0
has degree q2 and passes through all the points of the ane plane AG(2, q2)
(hene, also through all those of K). Thus, this value may be hosen as the
maximum degree i to test in GetIndex.
337 i:=GetIndex(Ar,q^2);
We may now obtain the oeients of the polynomial giving the urve we
are looking for, by just solving a linear system of equations.
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338 MatOk:=BuildMat(Ar,i);;
339 SolV:=NullspaeMat(TransposedMat(MatOk))[1℄;
The values in SolV are now used to write the equation of the urve. This is
done by the funtion VecToPoly.
340 VeToPoly:=funtion(v,i)
341 loal m;
342 m:=AllMon(i);
343 return Sum(List([1..Size(v)℄,x->m[x℄*v[x℄));
344 end;;
345
346 pp:=VeToPoly(SolV,i);
Remark 9. When q = 8, the onstrution of [16℄ gives a (456, 8)maximal ar
K of PG(2, 64). If the ovoid O hosen for this onstrution is an ellipti quadri,
then the minimum degree of a urve Γ ontaining all the points of K is 7 and
this urve splits into 3 onis and a line. On the other hand, if the SuzukiTits
ovoid is hosen, then the minimum degree of suh a urve Γ is 22 and it splits
into an irreduible urve of degree 17, and 5 lines.
Referenes
[1℄ André, J.; Über nihtDesargueshe Eben mit transitiviter Translations
gruppe, Math. Z. 60 (1954), 156186
[2℄ Aguglia, A., Giuzzi, L., Korhmàros, G.; Algebrai urves and maximal
ars, preprint.
[3℄ Ball, S.; Blokhuis, A.; Mazzoa, F.; Maximal ars in Desarguesian planes
of odd order do not exist, Combinatoria 17 (1997), no. 1, 3141.
[4℄ Ball, S.; Blokhuis, A.; An easier proof of the maximal ars onjeture, Pro.
Amer. Math. So. 126 (1998), 33773380.
[5℄ Bruk, R.H., Bose, R.C.; The onstrution of translation planes from pro-
jetive spaes, J. Algebra 1 (1964), 85102.
[6℄ Bruk, R.H., Bose, R.C.; Linear representations of projetive planes in
projetive spaes, J. Algebra 4 (1966), 117172.
[7℄ Denniston, R. H. F.; Some maximal ars in nite projetive planes, J.
Combin. Theory Ser. A. 6 (1969), 317319.
[8℄ The GAP Group; GAP  Groups, Algo-
rithms, and Programming, Version 4.4 ; 2006,
(\protet\vrule width0pt\protet\href{http://www.gap-system.org}{http://www.gap-system.org}).
16
[9℄ Giuzzi, L., Lunardon, G., Sonnino, A.; LDPC odes from projetive spaes,
preprint.
[10℄ Hamilton N., Mathon R.; More maximal ars in Desarguesian projetive
planes and their geometri struture, Adv. Geometry 3 (2003), 251261.
[11℄ Hamilton, N., Penttila, T.; Groups of maximal ars, J. Combin. Theory
Ser. A 94 (2001), 6386.
[12℄ Hirshfeld, J. W. P.; Finite projetive spaes of three dimensions, Oxford
University Press (1985).
[13℄ Hirshfeld J.W.P., Thas J. A., General Galois Geometries, Oxford Univ.
Press, London, (1992).
[14℄ Mathon, R.; New maximal ars in Desarguesian planes, J. Combin. Theory
Series A, 97 (2002), 353368.
[15℄ Pomareda, R.; Note on exterior lines to two disjoint reguli, Bol. So. Brasil.
Mat. 20 (1990), no. 2, 7985.
[16℄ Thas, J.; Constrution of maximal ars and partial geometries, Geom. Ded-
iata, 3 (1974), 6164.
[17℄ Thas, J.; Constrution of maximal ars and dual ovals in translation planes,
Europ. J. Combin 1 (1980), 189192.
Angela Aguglia
Dipartimento di Matematia
Politenio di Bari
Via G. Amendola 126/B
70126 Bari
Italy
a.agugliapoliba.it
Lua Giuzzi
Dipartimento di Matematia
Politenio di Bari
Via G. Amendola 126/B
70126 Bari
Italy
l.giuzzipoliba.it
17
